Abstract: We propose a novel method to flexibly tune the optical frequency combs generated in normal-dispersion microresonators based on parametric seeding. The pulse duration could be adjusted in the range of 0.7-3.076 ps by changing the seeding power from 1 to 5 mW, and the repetition rate could increase N times by setting the seeding frequency at N times free spectral range away from the pump.
Introduction
Microresonator-based optical frequency combs (OFCs) are attracting growing attention as a potential technique with many essential advantages including compact size, complementary metal-oxide semiconductor (CMOS) compatibility, and high repetition rate. A microresonator with anomalous dispersion pumped by a continuous wave (CW) light can produce a frequency comb with equidistant spacing and a train of ultrashort optical pulses. The initial comb sidebands of a frequency comb are excited by modulational instability (MI) of the CW pump mode [1] , [2] , which is enabled by positive Kerr nonlinearity and anomalous dispersion.
In comparison with the anomalous dispersion, normal dispersion is also capable of generating OFCs [3] - [6] , and the so-called platicon OFCs are of particular interest for the significantly high conversion efficiency [4] . The OFC generation is possible in a monochromatically pumped normaldispersion microresonator with the aid of mode coupling [4] , [6] . However, the specific frequency of the mode coupling is decided by the intrinsic property of the microresonator; hence, it is very difficult to precisely control the parameters of the generated OFCs [7] . The reported bichromatic pump is able to control the repetition rate of the OFCs by tuning the pump separation [8] . However, the thermal effect caused by the dual pump could induce a serious resonances shifting, which leads precisely control the pump detuning is impossible. Hence, the pump powers should be controlled within a few milliwatts, which results in OFCs of narrow bandwidth, very low power and conversion efficiency [9] , [10] .
Parametric seeding is a potential method for flexibly controlling the fully developed Kerr combs. For the OFCs generated in anomalous-dispersion microresonators, parametric seeding by way of a pump signal and electro-optic (EO) modulated sidebands is able to suppress the high-order subcombs generation, significantly enhancing the coherence of the comb [11] . With feedback at selected sidebands of a microresonator spectrum, controllable repetition rate in comb based on anomalous-dispersion microresonator is achieved [12] .
In this paper, we introduce a novel method for generating as well as the flexibly and precisely tuning of the platicon by injecting a seeding light into the normal-dispersion microresonator. Here, the condition for the platicon formation in the case of parametric seeding is studied, and the simulated results suggest that, the duration of platicons can be tuned by varying the seeding power. We also find that the repetition rate could increase N times by setting the seeding frequency at N-times free spectral range (FSR) away from the pump. This method, which achieves flexible, precise adjustment of the parameters in time and frequency domains of the generated platicons, could strongly develop the application value of the OFCs in the fields of metrology, optical clocks, and optical communication.
Numerical Simulation
To simulate the evolution of the intracavity waveform, we utilize a modified Lugiato-Lefever equation
Here, t R is the round-trip time related to the cavity length L; E ðt ; Þ describes the total field inside the microresonator; t is the slow time variable related to the field evolution in the consecutive roundtrips; is the fast time defined in a moving reference frame with a speed of group velocity; represents the total cavity losses per roundtrip including the linear cavity loss and coupling loss; 0 is the phase detuning of the pump frequency ! p in regard to the closest resonance ! 0 , i.e., 0 ¼ t R ð! 0 À ! p Þ; k describes the dispersion of the cavity; is the nonlinear coefficient; and is the power transmission coefficient. For a generalized Lugiato-Lefever equation, E p represents the external pump [13] . Here, we introduce E s expðj! s Þ to simulate the seeding signal injected to the microresonator besides the pump. The seeding and pump signals are in-phase, the frequency intervals between them are multiple ðn Â Þ FSRs, and the corresponding power is very low with regard to the pump, therefore, we can use E s expðj! s Þ to simulate the seeding signal [14] , where ! s ¼ 2 Á n Á FSR. In the case of parametric seeding, the pump detuning can be better controlled compared with the dual pump as the thermal effect caused by the seeding can be ignored. Furthermore, unlike the dualpump model in [8] , this model does not require the two pumps have equal amplitudes.
The numerical simulation is based on a silicon nitride microring with a radius of 100 um, corresponding to a 226 GHz FSR. The ring resonator is coupled to a straight waveguide, the power transmission coefficient ¼ 0:009, is equal to 0.009, the quality factor is assumed to be 3 Â 10 5 , and the simulation parameters are approximated from [13] . The cross section is 2 um Â 700 nm, the nonlinear coefficient is % 1 W À1 m À1 and the dispersion is 2 % 30 ps 2 =km calculated by the finite element method (FED). For simplicity, we only take the second-order dispersion into consideration. Numerical simulation is carried out using the split-step Fourier method [13] .
Generation of Optical Frequency Combs
We first introduce a seeding signal single-FSR away from the pump and dynamically vary the pump detuning in the process of comb formation. Here, we can utilize optical single-sideband (SSB) [15] or EO modulated [11] technique to generate the seeding signal. The frequency interval between the pump and seeding signals equals to the frequency of the RF-signal and can be precisely tuned. Fig. 1 shows a route to achieve platicon in normal dispersion. The pump detuning is dynamically scanned from the effectively blue-detuned regime through the effective zero frequency into the effectively red-detuned regime (see Fig. 1(a) ). Here, the average intracavity intensity S ¼ AEjE u j 2 , u is the mode number [4] . Fig. 1(b) and (c) present the time and spectral domain evolutions during the pump laser scan over a resonance. During the process of scanning 0 , there existed a region where platicons can be observed. Platicon, which is a wide and flat-top pulse, has been demonstrated in normal dispersion region [3] . We first set 0 in the blue-detuned regime, the non-degenerate four wave mixing (FWM) caused by the pump and seeding lights can give rise to equidistant optical lines with a spacing that corresponding to the FSR of the microring (see Fig. 1(d) and (e) position I). We note that, upon this stage, when 0 approaches to the effectively red-detuned regime, platicons are expected to form (see Fig. 1(d) and (e) position II and position III). It seems that when 0 increases, the duration of platicon decreases, and the bandwidth of the corresponding spectrum increases. This tendency will be discussed in the next section. Additionally, with the further increase of 0 , the intracavity power quickly decreases and the platicon disappears (see Fig. 1(d) and (e) position VI). Stable platicons can be achieved if the 0 is halted at some specific values during the scan. The coherence of the generated platicons is jg ð1Þ 12 j ¼ 1, exhibiting a stable frequency comb [16] . In this section, we study the existence domain of platicons in the case of different seeding powers. The intracavity intensity is calculated as a function of 0 for different values of seeding power when P pump ¼ 500 mW. As shown in Fig. 2(a) , when no seeding signal is injected, i.e., P seed ¼ 0 mW, the trace is a conventional triangular resonance shape which is corresponding to an equilibrium solution (bold gray dotted line). In this case, after the peak power, the intracavity intensity vertically drops. However, the average intracavity intensity is different from the standard triangular shape when the seeding power is large enough, for example P seed ¼ 2 mW. Furthermore, the peak power is significantly lower than that of P seed ¼ 0 mW. Once the peak is reached, the average intracavity intensity decreases smoothly, instead of vertical dropping as observed in the case of P seed ¼ 0 mW. It is clear that with the increase of the seeding power, the peak power can be reached becomes lower and the downward trend becomes more smooth. The thin dotted lines in Fig. 2(a) indicate the boundary values of 0 for platicon generation with different seeding power. Then, we plot the existence domain of platicons where stable platicons can be excited by halting the 0 at a certain value (see Fig. 2(b) ). We find that for a fixed value of seeding power, platicons formation via hard excitation is possible only when the pump power is under a ceiling value P cr . Besides, for a higher seeding power, the ceiling of pump power also increases. As shown in Fig. 2(b) , for P seed ¼ 3 mW, platicon formation is possible when P pump G 700 mW (blue dotted line), but for P seed ¼ 4 mW, the P cr is 765 mW (black dotted line). In addition, for a fixed pump power, platicons can be achieved in a greater scope of 0 by increasing the seeding power. Besides, we study the existence domain of platicons for different pump powers. The curves in Fig. 3(a) describe the calculated relationship of the average intracavity power intensity versus pump detuning 0 for different values of pump power when the seeding power is P seed ¼ 3 mW. Increasing of the pump power leads the effectively red-detuned region shifting to larger values of 0 . The existence domains of platicons for different pump powers are shown in Fig. 3(b) . We also find that, there existed a threshold of seeding power for platicon generation for a given pump power. Increase of the pump power results in a higher threshold of the seeding power. For example, if the pump power is P pump ¼ 500 mW, the threshold of seeding power is 0.9 mW (blue dotted line), but for P pump ¼ 600 mW, the threshold becomes 1.7 mW (purple dotted line). Here, for a given seeding power, the existence domains of platicons shift to larger values of 0 with the increase of pump power (see Fig. 3(b) ), the variation tendency is similar to that of effectively red-detuned region (see Fig. 3(a) ).
It is demonstrated that the duration of platicon depends on the pump detuning (see Fig. 1 ). An increase of pump detuning corresponds to a decrease of intracavity power, therefore, the power of pump may also effectively tune the duration. Simulations have verified that the duration depends on the seeding power, pump detuning, and power. Here, we discuss the influences Existence domain of platicons in the ðP seed ; 0 Þ parameter space for P pump ¼ 400 mW (purple area), P pump ¼ 500 mW (green area), and P pump ¼ 600 mW (gray area).
of seeding power and pump detuning. We define the duration of the platicon as the time interval of two minimal values which are closest to the maximal point. Fig. 4 plots the contour lines of different durations within the existence domain of platicons for the pump power of 500 mW. When the seeding power increases, the duration of platicon also increases, the increase of the seeding power from 1 mW to 5 mW can lead to a variation of the duration by 2.376 ps, which is greater than the half of the roundtrip time. However, the increase of 0 gives rise to a narrower platicon, the duration deceased by 2.28 ps when increasing the 0 from 0.0292 to 0.0352. The seeding power and 0 are accessible during the comb generation; therefore, the duration of platicon can be effectively tuned.
The compression or broadening of platicons can lead a change in conversion efficiency. Here, the conversion efficiency, defined as the ratio of output energy to the input one. The curves of conversion efficiency with 0 are shown in Fig. 5 . Changing the seeding power can adjust the conversion efficiencies, and the conversion efficiencies in large pump detuning range are more sensitive to fluctuations of seeding power. With the decrease of 0 , the conversion efficiency increases, after reaching its peak, and the conversion efficiency slowly decreases and is almost kept to a large value.
Repetition Rate Tuning
In this section, validations of repetition rate controllability are carried out by seeding at selected sidebands. Fig. 6 presents the simulated pulse and spectrum when the seeding signals are 1 Â FSR, 3 Â FSR, and 5 Â FSR away from the pump. It is interesting to find that the repetition rate of the platicon could increase N times by seeding the seeding frequency at N Â FSR away from the pump (see Fig. 6 (a), (c), and (e)). Moreover, single-FSR, triple-FSR, and quintuple-FSR frequency combs are observed (see Fig. 6 (b), (d), and (f)). The variation rules of the existence domain of platicons with the pump and seeding powers are analogous to the case of single platicon. Also, the dependences of the duration versus the seeding power and 0 are similar to that of single platicon. It suggests a flexible way to realize the controllable repetition rate in the generated platicons and frequency combs.
Conclusion
In this paper, parametric seeding in normal-dispersion microresonator is shown to be able to generate platicons. This behavior could also enable deterministic ways to effectively tune the duration of the generated pulse. Furthermore, we have also demonstrated a way to flexibly control the repetition rate of the generated pulses and the OFCs. Such a flexible and effective way of tuning OFCs is beneficial for many applications.
